A theoretical model of a new type of two-degree-of-freedom local resonance mass-spring system with the resonator considering vertical and rotational vibration (the moment of inertia) is proposed to generate a negative effective mass over specific frequency ranges. Based on the theoretical analysis, a novel elastic metamaterial plate is designed. The flexural vibration band structures as well as the transmission spectrum of the metamaterial plate are investigated by using the finite element method. Subsequently, the formation mechanism of the band gaps is analyzed by studying the displacement field of the eigenmodes at the band gap edges. At last, the effects of the geometrical parameters on the flexural vibration band gaps (FVBGs) are studied and discussed in detail. The related results well confirm that the two-degree-of-freedom metamaterial shows negative mass density in two distinctive asymptotic regions, and the proposed elastic metamaterial plate has two FVBGs with the total width of 94.45 Hz below 200 Hz. The magnitude of torques introduced into the local resonance system can obviously affect the locations of the FVBGs. For the elastic metamaterial plate with thick local resonance lead plate and weak rubber is appropriate to obtain a lower gap, but the total width of the FVBGs becomes narrow. However, it does just the opposite for the condition with thin local resonance lead plate and strong rubber. For the double-side stubbed plate, it can enhance the coupling of the flexural traveling wave and the local resonance modes, which can greatly enlarge the bandwidths. The new working mechanism and the related calculation results of the designed structures would provide an effective way for elastic metamaterial plate to broaden the FVBGs at low frequencies, which has potential applications in low-frequency vibration and noise attenuation.
Introduction
Over the past decades, the propagation of elastic waves in the periodic composite materials have received much attention for their renewed physical properties and potential applications in various fields [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] , such as noise and vibration isolation, frequency filters, acoustic superlens, etc. Those periodic elastic structures, named as phononic crystals (PCs), exist as acoustic forbidden bands which can prohibit elastic wave propagation in any direction. There are three different formation mechanisms of the band gaps, namely Bragg scattering, local resonance and hybridization. For the first mechanism, which is caused by multiple scattering of the periodic inclusions, the wavelength of the band gap frequencies is as the same order of the structural period [1, 2] . The second mechanism employs the resonant vibration of the local resonance mass working against the excitation of the incident elastic wave to attenuate the vibration [3] [4] [5] [6] [7] . The frequency range of the band gap based on this mechanism is almost two orders of magnitude lower than that of the Bragg scattering. The third kind of the band-gap formation mechanism is attributed to the coupling effects of local resonances and Bragg scattering, which is why they have been called hybridization gaps. Such gaps are particularly interesting, since it can be shown that they allow the definition of negative effective material parameters in some cases [10, 11] . Among the above metamaterial structures, the local resonance metamaterial provides a new idea to deal with the tricky problems of low frequency vibration attenuation and sound insulation [3] [4] [5] [6] [7] [8] [9] .
The propagation of the vibrations in the PC plates has attracted a great deal of attention for several years due to the widespread applications of plate structures in engineering [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The band structures of a PC plate, constituted of a periodical array of cylindrical dots stacked on the surface, have been investigated by Pennec et al [14] . Hsu et al and Xiao et al [16, 17] have studied the propagation of Lamb waves in the 2D locally resonance PC plates with soft materials or with a heavy core coated with soft materials embedded in a hard matrix, and obtained the low frequency band gaps for the bulk wave. By choosing the appropriate geometrical parameters, this structure can display a low-frequency band gap, and the formation mechanism of the band gap is similar to the case of the local resonance structures. Oudich et al [19] have reported a novel, local resonance PC structure with depositing rubber and lead on one side of a thin plate. This PC plate can obtain an extremely low frequency band gap due to the local resonance mechanism. Hsu et al [21] have designed a 2D PC slabs with periodic stepped resonators on one side, and complete lowfrequency band gaps were observed in this structure. Zhang et al [23] numerically studied the Lamb wave propagation in a homogenous plate with periodic tapered surface, and obtained lower and smaller band gap than homogenous plate with periodic stubbed surface because of weak localized resonance between the base plate and the tapered surface. Moreover, they found that the width of the first band gap is proportional to the ratio of the upper base width to the lower base width. Hsu [24] presented the effects of the elastic anisotropy constituent materials on the full band gaps of square-lattice PC plates. He found that the dispersion curves and the appearance of the incident plate mode-dependent spectral gaps of the PC plate can be modulated by changing the orientation of the aniso tropic materials in the square lattice. Subsequently, a series of low-frequency locally resonance band gaps PC plates with similar structures were reported [25] [26] [27] [28] [29] . Because of their distinctive properties with negative dynamic effective parameters, the local resonance PCs are also called acoustic/ elastic metamaterials. Many types of acoustic metamaterials have been investigated both theoretically and experimentally for their good vibration absorption and sound insulation at low frequencies, and the relevant equivalent spring-mass models have been given [31, 32] . Very recently, the effective parameters of elastic metamaterial plate with complex structure have been investigated numerically by Yan et al [33] . The negative effective mass density of the elastic metamaterial plate with the periodic cylindrical rubber pillars over the surface of the aluminum plate was first researched by Oudich [34] . He found that strong anisotropy of the effective mass density can be observed around the resonance frequencies, the relationship between the effective mass density and the band gaps was further revealed. However, to the best of our knowledge, the local resonance PCs were simplified as the spring-mass models to estimate the eigen frequencies at lower bandgap edges, and the translation motion of the local resonance mass was only taken into account in the calculation. No study has considered the effects of the rotational vibration of the local resonance mass on the band gaps.
In this paper, we first present the effects of the rotational vibration of the local resonator in a novel two-degreeof-freedom local resonance metamaterial on the dynamic effective mass. Based on the theoretical analysis, a new type of elastic metamaterial plate is designed. The flexural vibration band gaps, the transmission spectrum and the displacement field of the eigenmodes at the bandgap edges are investigated by using FEM. Finally, the effects of the geometrical parameters on the FVBGs are discussed in detail.
Theoretical analysis of the novel two-degree-offreedom local resonance system
The unit cell of the novel two-degree-of-freedom local resonance system is depicted in figure 1(a) . It can be found that the base mass m 1 and the local resonance mass m 2 are connected by two springs k 1 and k 2 , and the distance from the spring k 1 to the center of local resonance mass is not equal to that of the spring k 2 (l 1 ≠ l 2 ). The design of this structure is to introduce the rotational vibration of the local resonance mass. And next, we will study the effects of the rotational vibration in the local resonance system on the band-gap characteristics. Now considering the equilibrium condition for all the forces applied on m 1 in x-axis, the differential equation of motion for m 1 is
The differential equation of motion for m 2 is
Taking the rotational moments about the center of gravity o, one can obtain that
f 1 (t) and f 2 (t) are the interactive forces between the two masses m 1 and m 2 at two attaching points, as shown in figures 1(b) and (c), respectively, J and f n (t) are the mass moment of m 2 and harmonic force applied on m 1 , respectively, l 1 and l 2 are the distances from k 1 and k 2 to the center of gravity of the local resonance mass m 2 , respectively. In order to introduce the rotational vibration of the resonator, the torques f 1 (t)l 1 and f 2 (t)l 2 must have different absolute values. Without losing the generality, the assumption
the same results can also be obtained) is adopted to simplify the the analysis process.
Using the dynamic approach, it is assumed
where X 1 , X 2 , Θ and F n are the amplitude magnitude of x 1 (t), x 2 (t), θ(t) and f n (t), respectively. Substitute equation (4) into equations (1)- (3), f 1 (t) and f 2 (t) can be expressed as (1)- (3), (5) and (6), we have
Then, equation (7) can be rewritten as:
where
The response amplitude magnitude X 1 can be obtained by solving the equation (8) .
The effective mass of the system can be obtained as:
In order to reveal the relationship between the vibration of the base mass and the effective mass of the system, the displacement frequency response function of the base mass m 1 is calculated by the following formula:
The relevant parameters are set in table 1. The effective mass and the displacement frequency response function are illustrated in figure 2. 
Meanwhile, using equation (9), we can obtain the start and cutoff frequencies of the negative mass regions as the following: From figure 2, one can see that there are two negative mass regions (the gray regions) in the frequency range studied. When the external excitation frequency is very low, the resonator and the base are kept in synchronous vibration, and the dynamic effective mass of the system is the sum of the two masses, i.e. m eff = m 1 + m 2 . As the frequency increases, when the external frequency is close to the first order natural frequency of the local resonator, the dynamic effective mass of the system increases exponentially, and that makes m eff much larger than the sum of m 1 and m 2 . In this frequency range, the system finds it difficult to respond with the external excitation. Thus the displacement frequency response function H d (ω) tends to 0, when the external excitation frequency is equal to the local resonance frequency ω 1n , m eff → ∞, and the H d (ω) is equal to 0. This is because the vibration of the internal local resonance mass is opposite to the direction of the base vibration, thus reducing the vibration of the matrix. It also proves that the wave cannot be transmitted through the lattice system, and the band gap opened at this frequency. When the external excitation frequency is equal to the first order the resonance frequency of the overall system, the m eff is equal to 0 and H d (ω) → ∞, the overall system resonance occurred, and the band gap closed at this frequency. This case is also true for the second negative mass region.
It is worth noting that the mass-spring system shows two negative mass regions when considering the rotational vibration (f 1 (t)l 1 ≠ f 2 (t)l 2 ) of the local resonator. Based on the above analysis, a new kind of elastic metamaterial plate is put forward, and the relevant performances of the band structures are studied by using FEM.
Model and methods of calculation

Model
The new type of elastic metamaterial plate is designed, and the unit cell is shown in figures 3(a) and (b). In the model, m 1 , m 2 , k 1 and k 2 are replaced by an isotropic aluminum rectangular plate, an isotropic lead rectangular plate and two rectangular silicon rubbers, respectively. The size for the rectangular plate, the lead rectangular plate and the two rectangular silicon rubbers are a × a × e, b × b × t, w 1 × b × h and w 2 × b × h, respectively.
Methods
In order to investigate the vibration characteristics of the proposed elastic metamaterial plate, the band structures are calculated by using the FEM which has been proved to be an efficient method in previous works [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . For the calculation of the dispersion relations, an infinite periodic structure is considered with periodic boundary conditions applied on the interfaces among the adjacent unite cells according to the Bloch-Floquet theorem and the Bloch wave k is introduced. By varying the value of k in the irreducible first Brillouin zone (BZ, as shown in figure 3(c) ), the dispersion relations as well as the eigenmodes can be obtained. In order to confirm the analysis of the band structures, the transmission spectra through a finite structure composed of six periods along x-axis with the Bloch periodic conditions applied on the boundaries in the y-direction are also calculated. The harmonic displacement excitation is applied on the plate surface at one side, and the average displacement response of the anther side is picked up. The transmission spectra are defined as follow:
where d in and d out are the average displacements of the input and output sides of the plate, respectively.
Results and discussions
Band structures of the elastic metamaterial plate
The structure parameters of the base aluminum plate are taken as following: a = 40 mm and e = 3 mm, and they are kept constant in the following study. The other dimensions are given as follows: b = 35 mm, h = 3 mm, t = 3 mm, w 1 = w 2 = 3 mm, l 1 = 16 mm and l 2 = 8 mm. The materials parameters used in the calculation are shown in table 2, and all materials are assumed to be elastically isotropic. The band structures and the transmission spectrum of the elastic metamaterial plate are shown in figure 4 . As the flexural wave (zero-order antisymmetric Lamb mode) is more prone to interact with air media, much attention has been focused on the out-of-plane vibration. For the band structure as shown in figure 4(a) , it can been seen that seven bands exist in the frequency range from 0 Hz to 200 Hz, where two FVBGs (the gray regions) are involved. The lowest FVBG is from 82.29 Hz to 107.06 Hz with a width of 24.77 Hz, which is between the fourth and sixth band. The second FVBG is from 122.06 Hz to 191.74 Hz with a width of 69.68 Hz, which is between the sixth and seventh band. The total width of the band gaps is 94.45 Hz. As shown in figure 4(b) , two frequency regions with an obviously attenuation (the gray regions) can be found in the transmission spectrum, and their locations correspond well with the band gaps in figure 4(a) . However, previous studies have found that the local resonances and Bragg scattering can coexist in periodic metamaterials [10, 11] . To further ensure the formation mech anism of the band gaps, the reduced frequency fa/c t is given on the right side of figure 4(b) , where a is the lattice constant, c t is the transverse velocity in metamaterial. The transverse velocity in the metamaterial is given
, where G and ρ are the effective shear modulus and effective density of the metamaterial, respectively. It can be found that, the band gaps opened in this metamaterial plate are located about two to three orders lower than the Bragg scattering mechanism in the frequency regions. This means that the FVBGs originate from the local resonance mechanism. Up to now, few studies have been made on the lowfrequency FVBGs in the range below 200 Hz. Through the above analysis, the proposed elastic metamaterial plate with simple structures would provide an effective way to deal with these challenging problems.
Formation mechanisms of the two FVBGs
In the above section, we already know that the formation mechanism of the FVBGs is local resonance. When the frequency of the incident elastic wave is close to the nature frequency of the internal spring-mass system, the corresponding local resonance will be activated, and the two masses move in reversed phase with a reaction force acting on the plate against the harmonic elastic wave excitation, the vibration of the plate will be reduced or even restrained. The metamaterial plates previously studied have only one negative mass density region at low frequencies, but the metamaterial plate proposed in this paper has two obvious negative regions of the effective mass density. In order to further reveal this phenomenon, the eigenmode shapes and displacement vector fields of the modes labelled in figure 4 (a) are shown in figure 5 .
The color map of figure 5 denotes the magnitude of the displacement vector fields, which are calculated by ( ) + + . For the modes D and G, because of the inequality of the torques provided by the two rubbers, the local resonance mass rotates along different axes in y-axis direction, while the base plate keeps still. The rotational vibration of the resonator provides the reaction forces against the flexural vibration of the plate, and the FVBGs opened at these frequencies. For the mode F, there is a dynamic balance between the local resonance mass and the base plate, while for the mode H, the local resonance mass keeps still while the base plate vibrates with large amplitude. The vibration of the plate can be spread freely at these two frequencies, and the FVBGs closed. For modes A, B, and C, the vibrations of the local resonance mass are mainly concentrated in the x-y plane, which couple with symmetric Lamb mode and shear-horizontal waves of the base plate, respectively. While for mode E, the local resonance mass rotates along the center of the local resonance mass in x-axis with the base plate remaining still. Compared with the excitation from the flexural wave mode, the resonancesinduced out-of-plane force components applied on the plate are very small. Thus there exists no FVBG around this band.
Through the above analysis we can see that, due to the two unequal torques provided by the rubbers, the translational vibration of the local resonance mass in single-degree-offreedom metamaterial is replaced by the rotational vibrations with two different resonance frequencies. And because of the interaction between the rotational resonances and the flexural traveling wave modes, the vibrations of the plate are reduced or even restrained, thus forming the two FVBGs. Next we will investigate the effect of the geometrical parameters (including the distance from the rubber to the center of the lead plate l 2 , the thickness of the lead plate t, and the width of the rubbers w 1 , w 2 ) on the band gaps.
Effects of the geometrical parameters on the FVBGs
In order to illustrate the effects of geometrical parameters on the FVBGs, the starting, the cutoff frequency, and the width of the FVBGs are calculated by using FEM in this section. Figures 6(a)-(d) show the changes of the start frequency f s , the cutoff frequency f c , and the width of the FVBGs with the distance l 2 (keeping l 1 constant), the thickness of the rectangular lead cap t, the width of the two rubbers w (w 1 = w 2 = w), and the width of one rubber w 2 (w 1 ≠ w 2 ), respectively.
As shown in figure 6(a) , the lower edge f s of the first FVBG first increases nearly linearly and then tends to became flatter with the increasing distance l 2 , while the changing trend of the upper edge f c is the opposite. Thus the width of the first FVBG first decreased slightly and then increased. f s of the second FVBG first decreases and then increases, while f c decreases gradually, which narrows the band gap. The total width of the FVBGs is almost unchanged. It is worth noting that when l 2 is equal to 16 mm, i.e. the case l 1 = l 2 , f c of the first FVBG is equal to f s of the second FVBG, the first FVBG and the second FVBG are coupled into one band gap with the frequency range from 91.87 Hz to 186.61 Hz.
It can be seen from figure 6(b) that f s and f c of the first FVBG both decrease with the increase of the thickness of the rectangular lead t, but the bandwidth is almost unchanged. f s and f c of the second one both shift to a lower frequency when t increased, but the decreasing rate of f s is greater than that of f c , which broadens the band gap. The equivalent mass of the local resonance mass increases with the increasing of the lead plate thickness t, and that will lead to the decrease of the local resonance frequency. The interactions between the local resonance and traveling wave modes are therefore increased, which greatly broadens the total FVBG. Figure 6 (c) shows the effect of the two rubbers width w (w 1 = w 2 = w) on the FVBGs. It can be found that f s and f c as well as the bandwidth of the second FVBG increase linearly with the increase of the width of the rubbers w, while the width of the first FVBG has little variation. As mentioned above, the resonance mass rotates in the vertical direction with the base plate keeping still at the start frequencies of the FVBGs, and a rubber is stretched while the other is almost not deformed. When the equivalent stiffness is increased, the resonance frequencies are increased accordingly, which is also true for the upper boundaries of the band gaps.
In order to make the model more general, the effects of the rubber's width w 2 on the FVBGs are investigated. The dimensions are given as follows: t = 3 mm, b = 35 mm, h = 3 mm, l 1 = 16 mm, l 2 = 8 mm, and w 1 = 3 mm. All the structural parameters except w 2 are fixed in the calcul ation. The calculation results are shown in figure 6(d) . It can be found that both f s and f c for the first FVBG firstly increase rapidly and then trend to be stable, while the situation of f s and f c for the second FVBG is just the opposite. The width of the first FVBG increases firstly and then decreases and then rises slightly again, while for that of the second FVBG shows a gradual increasing. It is worth noting that f c of the first FVBG overlaps f s of the second FVBG when w 2 = 5 mm. In this case, the torques f 1 l 1 and f 2 l 2 have the same absolute values, and the two FVBGs coupled into a wider band gap. As w 2 continues to increase, the torques provided by the two rubbers are no longer equal, the coupled band gap is separated into two different band gaps again.
According to the analysis of the geometrical parameters on the FVBGs, one can choose optimal parameters of the structure to obtain the required band gap frequency ranges in practical applications.
The double-side elastic metamaterial plate
The double-side stubbed plates can enhance the coupling of the anti-symmetric Lamb mode and the pillar mode, which have been investigated to enlarge the bandwidths in the previous work [29, 30] . In this section, the band structures of the double-side elastic metamaterial plate with resonance mass arranged on both surfaces of the base plate are studied, and the schematic of the unit cell is shown in figure 7 .
For the double-side elastic metamaterial plate, the size for the base aluminum plate, the rubber and the lead plate are the same as the single-side model. The band structures and the transmission spectrum of the metamaterial plate are calculated by using the FEM, and the results are shown in figure 8 .
It can be found that thirteen bands exist in the frequency range from 0 Hz to 300 Hz, where two FVBGs (gray regions) are involved. The lowest FVBG is from 82.24 Hz to 107.99 Hz with a width of 25.75 Hz, which is between the seventh and eleventh band. The second FVBG is from 122.07 Hz to 248. 19 Hz with a width of 126.12 Hz, which is between the twelfth and thirteenth band. The total width of the band gaps is 151.87 Hz, which increases about 61% when compared with the single-side model. As shown in figure 8(b) , two frequency ranges with an obviously attenuation (the gray regions) can be found in the transmission spectrum, and their locations correspond well with the band gaps in figure 8(a) .
To further investigate the mechanism of the formation of the two FVBGs, the displacement fields of the eigenmodes labeled in figure 8 (a) are plotted in figure 9 . For the modes A1 and B1 as the start edges of the first FVBG, the resonance masses on the both sides of the plate occur rotational vibrations along one side of the lead rectangular plate, while the base plate keeps still, and the vibration energy is concentrated in the resonance systems. Because the two vibrations on the two side are independent of each other, thus they have the same resonance frequencies. For mode E1, the lead plate resonators occur rotational vibration along the central axis of each other, while the base plate vibrates in the vertical direction, and a dynamic balance exists between them. Eigenmodes F1 and G1 are similar to eigenmodes A1 and B1, and the only difference is that the rotational axis has changed. For mode H1 as the cutoff edge of the second FVBG, the dynamic stability is obtained by the inverse vibration of the base plate and the resonators along z-axis. Due to the common effects of the double-side rubbers, the equivalent stiffness is increased accordingly, and the resonance frequency at this mode is higher than that of the single-side model. There is a dynamic self-balance in the local resonance system for the modes C1 and D1, which means that no coupling with the flexural wave mode of the base plate. Thus the modes C1 and D1 have no relationship with the band gaps.
Conclusions
In this paper, the dynamic effective mass and the displacement frequency response function of a novel two-degree-of-freedom local resonance system are investigated theoretically. Based on the theoretical analysis, a new type of elastic metamaterial plate is designed. The band structures and the transmission spectrum of the metamaterial plate are investigated by using the FEM. Subsequently, the formation mechanism of the band gaps is analyzed by studying the displacement field of the eigenmodes at the band gap edges. At last, the effects of the geometrical parameters on the FVBGs are studied and discussed in detail. Through the above analysis, we can draw the following conclusions:
(1) Due to the asymmetry of the position of the two springs, the rotational vibration is introduced in the local resonance system, and two negative mass regions are generated at the two sides of the system's resonance frequency. From the displacement frequency response function, it can be found that, due to the inertial force generated by the local resonance rotational vibrations of the resonator to against the external force, the base matrix response tends to be zero within the negative mass regions. (2) For the designed elastic metamaterial plate, two FVBGs appeared at low frequencies, and the locations of the calculated transmission spectrum are in good agreement with the corresponding FVBGs regions. At the lower bandgap edges, the vibration is localized in the local resonance system, while at the upper bandgap edges, the local resonance mass and the base plate vibrate in a reverse phase. The two resonance frequencies are all caused by the rotational vibration of the local resonance mass along the different rotation axes. (3) The geometry of the local resonance system has a significant influence on the band gaps. The the asymmetry of the torques introduced by the two rubbers can obviously affect the locations of the FVBGs. With the asymmetry decreasing, the frequency region of the first FVBG moves to the higher value, while that of the second FVBG tends to the lower value, and when the two torques are equal, the two FVBGs coupled into one wider gap. For the elastic metamaterial plate with thick lead plate and weak rubber is appropriate to obtain a lower band gap, but the width of the FVBGs becomes narrow. However, it does just the opposite under the condition of the case with thin lead plate and strong rubber. (4) For the double side elastic metamaterial plate, the width, the location of the lower FVBG, and the starting frequency of the second FVBG have remained approximately constant, but the cutoff frequency of the higher gap rises to a higher value, and the total width of the band gaps has been broadened by 61%.
Based on the theoretical and numerical analysis, the twodegree-of-freedom elastic metamaterial plate would provide a new way to deal with the challenging problems of the lowfrequency vibration blow 200 Hz.
